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Introduction
Let A be an (abstract) simplicial complex on the vertex set V, i.e., a collection of subsets F (called faces) of V such that { X}EA for all XE V and such that if FEA and G c F, then GE A. The dimension of a face FEA is defined by dim F = 1 F I-1, and the dimension of A is given by An immediate corollary to these properties is the following:
(P3) There exists a simplicial complex A, such that i~oLOxi=(l +x1 1 uL,(Ao)x'.
iB0
Of course the simplicial complex A, of (P3) is just A'. We can ask whether for any acyclic simplicial complex A there is a subset A' c A and bijection 4 : A' -+ A -A' satisfying (Pl)-(P3). Kalai [8] , using his technique of algebraic shifting, first proved (P3). Bjorner and Kalai [3, 4] went on to give a vast generalization of this result. Meanwhile Kalai (private communication)
found a proof of (P2) based on algebraic shifting, and asked whether (Pl) was also true. In this paper we will prove (Pl) (as well as (P2) and hence (P3)) using a somewhat simplified variant of Kalai's methods. In particular, though we work in the exterior algebra as does Kalai, we do not use algebraic shifting.
Let r be a directed graph with vertex set V= {x i, . . , x,}. Recall that a one-factor of r is a collection {e,, . . , e,} of edges which are not loops and such that every vertex is incident to exactly one of the edges. (Thus n=2m.) The following lemma is closely related to but not a direct consequence of [S, Thm. 2.11 [12, Thm. 6 .21. Proof. Let X' be a subset of X whose image in KX/(im cp) is a basis for KX/(im cp Proof. Let C' be the space of i-cochains of A (i.e., the K-vector space KA', where A i is the set of i-dimensional faces of A). Let
(1) 
Variations and generalizations
There are many possible directions for extending Theorem 1.2. We discuss in this section some of the possibilities.
For the most interesting ones we can only offer conjectures and not proofs. I am grateful to A. Bjorner, G. Kalai, and J. Munkres for helpful discussions related to the work in this section.
First we can ask whether there is a generalization of Theorem 1.2 valid for any simplicial complex. We regard the field K as fixed throughout. Given any simplicial complex A, a Betti set is a subset B E A such that for all i, # {FEB: dimF=i}=Fi(A). Let us now consider some generalizations of the concept of simplicial complex itself. There are three successively more general classes of complexes with which we will be concerned. All these complexes are always assumed to be finite. . In all three cases, the characterization is implied by (but does not directly imply) decomposition properties analogous to our previous results and conjectures. We first state these properties and then discuss their validity. We omit the easy arguments which show that these decompositions do indeed imply the (L fi)-characterizations of Bjorner and Kalai. As in the case of simplicial complexes, a Betti set (over K) of a more general complex P is a subset B of its closed cells such that Bi(P)= # { FEP: dim F= i}, where B,(P) denotes the ith reduced Betti number of P (over the coefficient field K).
(A') (CW-semilattices). We can write P as a disjoint union P=P' I;! Q, where:
(a) P' is a subcomplex of P (i.e., an order of ideal of P, regarded as a poset), (b) B is a Betti set, (c) B is an antichain, (d) P'uB is a subcomplex of P, and (e) there exists a bijection q : P' + Q such that f or all FEP' we have F<q(F) and dim v(F)-dim F= 1. (Note that these conditions are exactly analogous to those of Proposition 2.1 and Conjecture 2.2.) (B') (CW-posets).
We can write P as a disjoint union P=P'uBuQ such that (a) P' contains faces of dimensions -1, 0, 1, . . . , dim P -1, (b) B is a Betti set, and (c) same as condition (e) of (A').
(C') (CW-complexes). We can write the set P of closed cells as a disjoint union P=P'wB u,Q such that (a) B is a Betti set, and (b) there exists a bijection ye : P' + Q such that for all FEP' we have that F lies on the boundary of y(F) and dim y( and lPI=UFEp F. These facts follow, e.g., from [9, $391 (which deals with homology instead of cohomology, but the arguments are essentially the same in either case). We then obtain (C') by reasoning as in the proof of Theorem 1.2 and Proposition 2.1, but taking L and M to be any set of faces forming a basis of the appropriate vector spaces.
To prove (B'), we need only to show in addition that for k<dim P there exists a k-chain ueCk such that 6(u) #O. But if F is any k-cell then we can take u = F. Thus (B') and (C') are true, so we have a combinatorial refinement of the (f, fl)-characterizations in these cases.
There remains the case (A'). Here we do not see how to show properties (a), (c) and (d) so this case remains open. Even when P is acyclic (so B=@, (c) is trivially true, and (d) follows from (a)), we do not see how to prove (a).
